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Abstract 

Let (M, fj) be a sigma-finite measure space. Let (T t ) be a semigroup of positive 
preserving maps on (M, p) with standard assumptions. We prove a i^i-BMO duality 
theory with assumptions only (Tt) itself. The BMO is defined as spaces of functions 
/ such that sup t \\T\f — Ttf\ 2 \\ < oo. The Hi is defined by square functions of 
P. A. Meyer's gradient form. Our argument does not rely on the geometric/metric 
structure of M nor on the kernel of the semigroups of operators. This allows our 
main results extend to the noncommutative setting as well, e.g. the case where 
L 0O (M,p) is replaced by von Neumann algebras with a semifinite trace. We also 
prove a Carleson embedding theorem for semigroups of operators. 

Key words: tent space, BMO space, Hardy space, Carleson measure, semigroup of 
positive operators, von Neumann algebra. 



Introduction 



E. Stein ([St70]) studied a "universal" H p theory for 1 < p < oo in the frame 
work of semigroup of operators. After Stein's work, many other mathemati- 
cians (e.g. M. Cowling, P. A. Meyer, N. Varopoulos, Doung/Yan, Auscher/Mclntosh 
and their coauthors) have been working on Fourier multipliers and Hardy/BMO 
spaces associated with semigroups of operators (see [Cow83], [FS82], [Mey74], 
[Var80], [DY05], [ADM04], [HM09], [HLMMY] etc.). In particular, Doung/Yan 
proved an ifi-BMO duality for semigroups of operators with heat kernel 
bounds in their remarkable article [DY05]. S. Hofmann and S. Mayboroda 
proved an H^BMO duality for semigroups of operators generated by diver- 
gence form elliptic operators. A novelty of Doung/Yan's definitions of BMO 
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and Hi is that they are according to the growth of the kernel of the underlying 
semigroups of operators. 

One aim of those work is to establish a Hardy spaces theory which relies on 
less geometric/metric properties of Euclidean spaces. This article continues the 
effort to this aim and provides an abstract approach to an ifi-BMO duality 
with assumptions only on the semigroups of operators. By "abstract" , we mean 
that the formulation of the duality is unified and the corresponding constants 
are absolute, as in Stein's work for Littlewood-Paley theory in the case of 
1 < p < oo. 

Let (M,fj) be a sigma-finite measure space. Let (T t ) be a standard semigroup 
of operators on L P (M). Under standard assumptions (see Def 1.1), T t can be 
viewed as a natural alternative to the classical mean value operator. This led 
to two natural definition of BMO-norms, 

\\f\\BMO(T)=^v\\Tt\f -T t f\ 2 \\L 
\\f\\ bm o(T)=™p\\T t \f\ 2 - \TJ\ 2 \\L 

These two BMO norms are equivalent to the usual interval BMO norms if 
(T t ) are the heat semigroups on R n . But || ■ || bmo(T) an d || • || &mo(T) ma Y n °t 
be equivalent to each other in general. Let BMO(T) and bmo(T) be Banach 
spaces characterized by the corresponding BMO norms. In [JM12], Junge and 
the author of this paper prove that an interpolation result holds between 
BMO(T) and Li(M) and, the interpolation theory for bmo(T) and Li(M) 
also hold with an additional continuity assumption (see Lemma 1.6). 

Let us consider the following analogues of Lusin area integral and Littlewood- 
Paley G function. 

S r (f) = (rT s T(T s f)ds)l 
Jo 

G r (/) = (/°°r(TJ)rf S )i 
Jo 

Here T(-) is P. A. Meyer's gradient form (Carre du Champ) for semigroups of 
operators (see Def 1.3). If (T t ) are the classical heat semigroups (or Ornstein- 
Uhlenbeck) semigroups on R™ (with the Gaussian measure), then 

r(/) = \djf. 

This is also the case, if T t is the Laplace-Beltrami operator on a Riemannian 
manifold. We use J °° T s (-)ds in the definition of the S-function as an alternative 
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to the integration on the cones. 

Let us define iff (T) (resp. iff^T)) as the space of all / G Li(M) such that 
\\f\\Hs iT ) = HSr(/)lli < oo (resp. ||/||^ G(r) = \\G r (f)\\i < oo). 

Denote by r(-) the integration operator / -d/x on M. Our first result is the 
following duality inequality between ifi and BMO. 

Theorem 0.1 Let (T t ) be a standard semigroup of operators satisfying the 
r 2 > condition (1.5). Then bmo{T) C (H^(T))* and 

i i 

r(fg) < Ci||/||^s (r) ||/|||G (r) ||^||hno(r) < C 2||/lli/f(r)lbll6m (T), 

with absolute constants ci,C2- 

Our attention then turns to the following questions. 

• When does the other direction bmo(T) (H± (T))* hold? 

• When does bmo(T) = BMO(T)7 

• When does Hf{T) = H?(T)? 

The answers to them are all "yes" if the semigroup (T t ) satisfies two more 
conditions. 

Theorem 0.2 LetT t be a standard semigroup of operators satisfying the T 2 > 
condition (1.5). Assume, in addition, that there exist constants c^^c^r > 
such that 

(i) \\(T t+et -T t )/||! < c 3 el/lli, for all e > 0,t > and f e L X {M). 

(ii) Denote M t = \ f^T s ds. 

||(M 8t |TJ| 2 )^|| Ll(M) < C4 ||/|| Ll(M) , (0.1) 
for allt>0 and f G Lf(M). 

Then every linear functional £ on iff (T) can be represented as r(g-) with 
\\g\\bmo(T) - c¥\\(Hf(T)Y- Moreover, 

bmo(T) = BMO(T) and Hf(T) = H?(T). 
The equivalent constants only depend on c 3 ,C4,r. 

Our argument does not rely on any geometric/metric structure of M nor on 
the kernel of the semigroups of operators. In fact, our argument only needs an 
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abstract space and a standard semigroup of operators on this space satis- 
fying the assumptions in Theorem 0.1 and 0.2. We consider these assumptions 
as an reflection of the geometric properties of M, as what in the mind of many 
other researchers, e.g. D. Bakry, etc. This abstract argument allows to extend 
our main results to the noncommutative setting, which is our final goal. The 
drawback is that we require the semigroups of operators are positive preserv- 
ing, while Doung/Yan and Hofmann/Mayboroda's theorems go beyond those 
type of semigroups of operators. 



From the point of view of functional analysis, every L ro space on a sigma-finite 
measure spaces is a commutative von Neumann algebra. This led to defining 
noncommutative LP spaces as von Neumann algebras M. with "nice" linear 
functionals, called traces and denoted by r, which play the role of integration 
with respect to /i. 



The importance of analyzing semigroups of operators on von Neumann al- 
gebras has been impressively demonstrated by the recent work of Popa and 
Ozawa [OP10] and also occurs in the work of Shlyahktenko/Connes [CS05] on 
Betti numbers for von Neumann algebras. M. Junge and the author of this ar- 
ticle build up a connection between semigroups of operators on von Neumann 
algebras and M. Rieffel's quantum metric spaces (see [Rie], [JM10]). 



Noncommutative analogues of analytic Hardy spaces have been developed 
mainly by W. Arveson (see [A67]). Pisier/Xu and their collaborators have es- 
tablished the noncommutative theory of martingale Hardy spaces (see [PX97]). 
Junge-Le Merdy-Xu studied noncommutative real Hardy spaces for 1 < p < oo 
in [JLX06]. In particular, an i^-BMO duality for noncommutative martingales 
is proved in [PX97] and [JX03]. [M07] proves an analogue of the classical real 
variable ifi-BMO duality in the semi-commutative case. [M08] is a first try 
on a real variable ifx-BMO duality in the general noncommutative setting. 
[JM12] established an interpolation result between semigroup BMO spaces 
and noncommutative L p spaces. Noncommutative fourier multiplier theories 
are further developed in [JM10] and [JMP] by using BMO spaces associated 
with semigroups of operators defined above. This article improves the method 
developed in [M08] and extends Theorem 0.1 and 0.2 to the noncommutative 
case in Section 3. 
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1 Preliminaries 



1.1 Semigroups of operators 

Let (M, <t,/i) be a sigma-finite measure space. Let L P (M) be the space of 
all complex valued p-integrable functions on M. Denote by /* the pointwise 
complex conjugate of a function / on M. 

Definition 1.1 A family of operators (T y ) y is a standard semigroup of oper- 
ators, ifT yi T y2 = Ty 1+ y 2 ,To = id and 

(i) T y are contractions on L P (M) for all 1 < p < oo. 

(%%) T y are symmetric, i.e. T y = T* on L 2 [M). 

(in) T y (l) = 1 

(iv) Ty(f) ^f in L 2 asy^0+ for f G L 2 . 

The conditions (i), (iii) above imply T y is positivity preserving for each y, i.e. 
T y (f) > if / > 0. We will need the following Kadison-Schwarz inequality for 
unital (completely) positive contraction T on L p (M), 



A standard semigroup (T y ) always admits an infinitesimal generator L = 
lim^o Ty ~ ld ■ L is a unbounded operator densely defined on L 2 (M). We will 
write T y = e yL . Some of the conditions (i)-(iv) may be weaken but that is 
beyond the main interests of this article. 

Definition 1.2 P. A Meyer's gradient form T (also called "Carre du Champ") 
associated with T t is defined as, 



When / = g, we simply write = F(f,g). 

For convenience, we assume that there exists a *-algebra A which is weak* 
dense in L 0O (M) such that T S (A) G A G D(L). This assumption is to guar- 
antee that T(T s f, T s g) make senses for f,g e A, which is not easy to verify in 
general, although the other form T t T(T s f,T s g) is what we need essentially in 



|T(/)| 2 <T(|/| 2 ), V/a p (M). 



(1.2) 



2F(f,g) = L(f*g) - (L(f*)9) - f*(L(g)), 



(1.3) 



for f,g with f*,gj*g E D(L). 
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this article and can be read as LT t (T s f*T s g)—T t ((LT s f*)T s g)—T t (T s f*(LT s g)) 
for any /, g e L p (M), 1 < p < oo, s, t > 0. 

It is easy to verify that for L = A = J^, T(f,g) = ^ • It is well known 
that the positive-preserving property of a standard semigroup of operators 
implies that r(/) > for all /. 

Definition 1.3 Bakry-Emery's iterated gradient form T 2 is defined as 



r 2 (/, g) = LT(f, g) - r(fL(g)) - T((Lf*)g), (1.4) 
for f,geA. 

When / = g, we simply write r 2 (/) = r 2 (/,#). For L = A = J^, T 2 (f,g) = 

^£ ■ |^§. However, r 2 (/, /) > is not always true. For L being the Laplace- 
Beltrami operator on a complete manifold, T 2 (/) > is equivalent to the 
positivity of the Ricci curvature of the manifold. See [BBG12] and references 
therein for more details on T 2 and examples of semigroups of operators satis- 
fying the 'T 2 > 0" condition, which is the so-called curvature-dimension cri- 
terion CD(0,oo) in [BBG12]. We still use the relative old notation T 2 > 0" 
because it makes sense even in the noncommutative setting. 

It is easy to check that, for a standard semigroup of operator (T t ) t , r 2 (/) > 
iff 

r(T v f) < T v F(f) (1.5) 
for all v > 0, / e A. 

We will need the following Lemma due to P.A. Meyer. We add a short proof 
for the convenience of the reader. 

Lemma 1.3 For any f G L p (M), 1 < p < oo, s > 0, we have 

T s \f\ 2 -\T s f\ 2 = 2 f T s _ t F(T t f)dt. 
Jo 

Proof. For s fixed, let 

F t =T s ^ t (\T t f\ 2 ). 

Then 

m -f tm = d -^mm + r s - t [(|n/] + Tur (§/)] 

= -T a . t T(T t f). 
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Therefore 



T s |/| 2 - |TJ| 2 = -F 8 + F = f ' T a - t T(T t f)dt. 

Jo 



Definition 1.4 Given a standard semigroup of operators (T y ) y with an in- 
finitesimal generator L, the semigroup {P y ) y defined as 

p y = e-y^~ L 

is again a standard semigroup of operators. We call it the subordinated Poisson 
semigroup of (T y ) y . 

Note P y is chosen such that 



I 2 



— + L)P s = 0. (1.6) 



It is well known that (see [St2]) 

1 r°° y 2 3 

P y = — ye-^u"T u du. (1.7) 

Apply r(/) > and (1.7), it is easy to deduce that T 2 > also implies 
T(Pof, PJ) < PoT(f) for any v > 0. * 

(1.7) also implies that 



-*(/) < iU) and \{P y - P y+t )f\ < -P § /, (1.8) 
y t y 

for any < t < y, f > 0, since T u is positive and e 2 is a function 
decreasing with respect to y. 

The classical heat semigroup and Ornstein-Uhlenbeck semigroup on R n are 
typical examples of standard semigroups of operators. They can be presented 

as 



T t = e tA (1.9) 
with A = — Yh=i the Laplacian operator on W l . 
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It is easy to check that for these two semigroups, 



W'ti-mr-h' (L11) 



and they both satisfy the T 2 > condition (1.5). 

1.2 BMO spaces associated with semigroups of operators 

Recall we set 



bmo(T)= SUP iiT t |/i 2 -i^/rnL- (1-12) 

0<t<oo 

BMO(T)= SUp mf-TttfWl^. (1.13) 

0<t<oo 



It is easy to see by Kadison-Schwarz inequality (1.2) that for any positive 
sequence t n which converges to 0, 



b^T^supiiTd/i 2 -!^/! 2 !!^. (i.i4) 

nSN 

BMom-Supll^jZ-T^/Hl^. (1.15) 

nSN 

Lemma 1.4 ([JM12]) Let (T t ) be a standard semigroup of operators. Then 
(i) \\f\\bmo(T) = iff\\f\\BMom = 0ifffE ker(L) = {/ e D(L)Lf = 0}. (it) 
If in addition (T t ) satisfies the T 2 > condition (1.5), then 



\BMO(T) ^ \\f\\brno(T) + SUp \\T t f - T 2t f\\. 

Lemma 1.5 Suppose (T t ) is a standard semigroup of operators. Then 

sup ||(r t |/ - T t f(.)\?)(.)\\i ~" ||/|| bmo( r), (1.16) 
for any < p < oo. And, if (T t ) satisfies the T 2 > condition (1.5), then 

sup ||T t |/ - T t /n|l ~* \\f\\\ B MO(T), (1-17) 
for any < p < oo. 



Proof. Let W t be a Markov process, so that 



EJ(W t )=T t _J(W s ), (1.18) 

for any < s < t < oo. The Markov process (Wt) can be constructed by 
setting its covariance function C Stt = K t - S) the kernel of (T t ). Fix a t > 0, we 
consider the martingale E s (f(W t )),s = 2~ n t,n G N. By the John-Nirenberg 
inequality for the little BMO space of martingales, we have, 



sup \\E s (\f(W t )-E s f(W t )\ p )\\oo^ p sup \\E a \f(W t )-E 8 f(W t )m9) 

s=2- n t s=2~ n t 

On the other hand, by the Markov property, we have that, on the set {W s = v}, 



E s (\f(W t ) - EJ(W t )\ p ) = E s (\f(W t ) - T t _J(v)\v) 

= (T t -.\f-T t -.f(v)\*)(v). (1.20) 

Therefore, 

- Kjwniu = ii(T t _ s |/ - r t _ s /(-)n(-)iioo. (i.2i) 

Combining (1.19) and (1.21) we obtain the John-Nirenberg inequality for 
bmo(T), 



sup ||(r t |/ - r t /(.)n(0lls» ^ p littler), (1-22) 

for any < p < oo. 
Now, for any p > 2, 



(T t \f-T t fn-))-* 

< (T t \f - T t /(-)| p (-))* + ( T t\Ttf - TJi-m-))^ 

< [T t (\f - T t /(.)n(-)]' + \T2t\f - T 2t f {■)?{■)]" + (\Tt(f) ~ T 2t f\)(-). 
Taking supremum on both sides, we get by (1.16) and Lemma 1.4 (ii) that 



sup ||T t (|/ - T t fY)\\i < 2c p \\f\\ bmo{T ) + sup \\T t (f) - Ta/Hoo 

<cc p \\f\\ BM o(T)- (1-23) 
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For < q < 2, let p = 4 — q, by Holder's inequality, 



T t (\f - T t /| 2 )(-) = T t (\f - T t f\i\f - T t /|^)(.) 

<[Ti(|/-T t /n(.)]'-[T t (|/-r t /n(.)]i. 

Taking supremum on both sides and applying (1.23), we get 

||/|| B MO(r)<c g sup||r t (|/-r t /r)||i||/||| MO(r) . 

Therefore, 

ll/l|BAfo ( r)<c,sup||T t (|/-r t /n||L 



Lemma 1.6 ([JM12]) Assume that (T t ) is a standard semigroup of operators. 
Then 

[BMO(r),L° 1 (M)] 1 ^L° p (M) 

for 1 < p < oo. 7/j in addition, (T t ) admits a Markov dilation which has a. u. 
continuous path, then 

[bmo(T),L<l(M)U = L p (M) 

for 1 < p < oo. 

Here L° p (M) = L p (M)/kerL. 

Remark 1.1 Lemma 1.4 could include here a proof of Lemma 1.6 in a few 
lines, if the little BMO space of martingales works as an interpolation- end 
point for L p martingale spaces. But that is not the case in general. 



2 Proof of Theorem 0.1, 0.2 

Recall, for / e L 1 (M), we set 

5 r (/) = (/°°T s r(TJ)rf S )i 
Jo 

Gr(/) = (/°°r(TJ)rf S )i 
Jo 
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Set 



Hf{T) = \\ s r(f)\\L!, 
ll/ll«f(71 = l|G ! r(/)IU 1 . 

It is easy to see that 



«?<2||/||« f , (2.1) 

by T 2 > 0. Let Hf , Hf , bmo(T) and BMO(T) be the corresponding Banach 
spaces. 

Set truncated square functions S s , G s as follows: 



S s = {j™T y ^{T{T y+ ,J)dy) 1 * (2.2) 
G s = (J s °°T(T 2y f)dy^. (2.3) 

S s , G s are constructed to satisfy our key Lemma. 
Lemma 2.1 



G s < S s ; (2.4) 
dT( a +b)s(S s ) a + b dT bs (S s ) 

ds -^ T - ( ^^ } ' (2 ' 5) 

dTi(S s ) 

2 , ; <0, 2.6 
ds 

for any a, b > 0. 

Proof. (2.4) is true because of the fact 



T(T 2y f)<T y .sT(T y+ sf), 
which follows from the T 2 > condition (1.5). 
Apply (1.5) again, we get S s > S t for any s <t, then 

T( a +b)s+(a+b)As(Ss+As) ~ T(a+b)s(Ss) 
— T a s[Tbs+(a+b)As{Ss+As) ~ Tb s (S s )] 
> T a s[Tbs+(a+b)As(S s+ a+b As ) — T bs (S s )]. 
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Divide by As both sides, we get (2.5). 

We go to prove (2.6). By (1.2) and T 2 > condition (1.5), we get 

roc 2 

TasS s +2As = T As ( / T y _jL_ As r(T y+ ± +As f)dy)2 

Js+2As 1 2 

r°° i 

= (/ As T tt _ f r(T u+f /)rf M )^ 

<(j( T y _ i r(T w+f /)dy)3 = 5 - . 

Then 

Ts±2AsS s+ 2As — TzS s < 0. 

2 2 

Taking As — > we obtain (2.6). 
Lemma 2.2 We nave 

|r ^ r(T 2a /,T (2+t))s ^)ds| 

<(8 + 4t,)*||CW)ll?(-r^ 
/or any n > and / e A and any ip s G A. 

Proof. We can assume G s , S V:S are invertible by approximation. By (1.2), (2.1) 
and Cauchy-Schwarz inequality, we get 

\t / T(T2 S f,T (2+v )s^ s )ds\ 
Jo 

p OO P OO 

<(rj o r(T 2 j)G;Ms)i(r J o r(T {2+v)sl f s )G s ds)^ 

Note that = T{T 2s f). For J, we have 

/ = r/ -^G; 1 ds = 2r = 2||G ||i. 

jo as jo as 
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We estimate II. By (2.4)and T 2 > we have 

H<rJ o T(T {2+v)sVs )S s ds (2.7) 

PCX) 

<tJ o r(<p s )T {2+v)s s s ds 

_ n ; w M) d , ( , 8) 

Applying (2.6), with a, b — § + v, \ to (2.8), we get 



roo ry dTv(S v ) 

II<-(A + 2v)rj o j o r(<p s )dsT a+v)y (^-^)dy 

r°o ry OTv (S,,) 

Combining the estimates of I and II, we get the desired inequality. 

Proof of Theorem 0.1. Note rLf = 0,r(Lf)g = rf(Lg) for f,g G A. By 
the definition of T (1.3), 



Tfv* = ~ T J o -^(T 2s fT (3+v)s (p*)ds = (5 + v)t ^ T(T 2s f,T {3+v)s (p)di 
Applying Lemma 2.2 to ip s = T s {p, we get 

|r/V>*| < ^v^llGr^llh-r^^T^^r^)^^^^)^, 
for any < v < 1. 

Denote M y = - f$T s ds. Integrate on v for < v < 1, we have 



Iriyf < c||C?r(/)||i(-T M y T (l)y T(T sV )ds^^dy), 
Then, by (2.6), we have 
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|r/v?T<c||G r (/)||i(sup|| M y T {l)y T(T sV )ds\U) J™ Q^ dy 

<c||G r (/)||i(sup|| I" M y T %y Y{T sV )ds\U)\\S v {]))\V- 

y JO * 

On the other hand, note M v Tr +s < 3M 3y for < s < y, we have 

f M y T (3 _ )y T{T s <f, T s <p)ds = [ V M y Tv_ +s T y _ s T{T sV )ds 

<3M 3y [ V T y _ s r(T s <p)ds 

J 

(Lemma 1.3) = 3M 3y (T y \(p\ 2 - |7>| 2 ). 

Therefore, 

ry 

sup II J q MyT^riTstfdsWn < 3||^||^ mo(r) , 
because M 3y is a bounded operator on L^. 
We concluded that 

|r(/^)| 2 <c||G r (/)||i||5r(/)||i|bll bmo(T) • 

□ 

Remark 2.2 Known examples of semigroups operators satisfying the T 2 > 
conditions include all standard semigroups of operators on group von Neu- 
mann algebras (see Example 3), the Ornstein-Uhlenbeck semigroups on R n , 
and the heat semigroups generated by the Laplace- Beltrami operator on a com- 
pact manifold with positive curvature. 

Remark 2.3 The proofs of Lemma 2.1 and 2.2 work for any bilinear form 
£?(.,•) satisfying (i) B(fJ) > 0; (n) B(TJ,TJ) < T s B(f,f). In particular, 
the proofs work for B(f s ,g s ) = s^-^f and will give the estimation 

\rfg*\ 

[°° dTJ i i roo 8TJ i i [\dT s g i 

The author shows in [M08] that, 

SX F " T 'i) \~^~\ 2sdS ^oo(M) < 49\\bmo(T), (2.9) 
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if T s is a subordinated Poisson semigroup. It would be nice if there is a less 
strict assumption on T t which implies (2.9). 

Proof of Theorem 0.2. Note by (1.17), 



Here the supremum takes for all / = hT t (g) —T t (hT t g) with g > 0, ||g||i, \\h\\oo < 
1. We need to show that such /'s are in iff (T) with norm < c. The inclusion 
(iff)* C BMO{T) then follows from a density argument. The equivalence 
(iff)* = bmo(T) = BMO{T) and fff(T) = iff (T) follow from inequality 
(2.1) and Lemma 1.4. 

Fix such a /. Recall M t = | Jq T s ds. 




(2.10) 




(Lemma 1.3) = r(3M 3t T t \f\ 2 - 3M 3t \T t f\ 2 ^ 
<r(3M 3t T t \f\ 2 ) l i 
<2V3T{M 3t T 2t \T t g\ 2 )^ 
(apply assumption (ii)) < AV2r(Mst\T t g\ 2 ) 5 < c. 



(2.11) 



For the other part, 




n=0 




n=0 



oo 



(apply (2.11)) < ]T r(3M 3 . 2 n t T 2 , t |T 2 n- lt T 2 „-i t /| 2 )^ 



n=0 



< £ T(4M 8 . 2 n-l t |T 2 n- lt T 2 n-lJ| 2 )5 



n=0 



'OO 



(apply assumption (ii)) <c^ ||T 2 n-i t /||i. 



n=0 
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Note by assumption (i) we have 



||72n-i t /||i = \\T 2n - H (T t (hT t g) - hTtg)^ < — . 
Therefore, 

POD , °° p 

t( T s r(T s f)ds)-><c+J2—<c. 

J ° n=0 Z 

□ 



Example 1 Let us illustrate the assumptions of Theorem 0.2 for the heat 
semigroups (T t ) t on a weighted Riemannian manifold with a doubling measure. 
Saloff-Coste's survey (see [SC10]) gives a lot of examples of T t with kernels 
satisfying the following upper Gaussian bounds 



P(t,x,y) < — l^exp-^l^, (2.12) 

V(X, y/t) Ct 

\dp(t,x,y) 1 d 2 (x,y) 

o \ < ; FT^xp . (2.1o) 

1 dt 1 _ tV(x, x/t) ct v 1 

The assumptions (i), (ii) are easily verified for such T t 's. (i) is obvious by 
(2.13). For (ii), it is enough to check the extreme points f — 5 Xo . Then T t f = 
p(t,x ,y) and 



1 /" c 2* 1 

- / T s ds\T t f\ 2 ) < ^exp 

t J ci t - V 2 (x,Vt) 1 



d 2 (x,y) 



V 2 (x,Vt) ct 
which belongs to th uniformly in t. 

Example 2 Let (O t ) be the Ornstein-Uhlenbeck semigroups on R n with the 
gaussian measure d\x = e~ x dx. The infinitesimal generator of (0 t ) is L = 
\ A — x ■ dx = J2i=i \ ~§2^r. ~ x i ' ~&c~- Ot satisfies the T 2 > condition and the 
assumption (i) of Theorem 0.2. This can be verified by the kernel of t . So 
Theorem 0.1 applies to t . It is a pity that t does not satisfy the assumption 
(ii) of Theorem 0.2 although the following inequality holds 

I {- f 2t d s ds\O t f\ 2 ^dfi<c f fd», (2.14) 
for any f > 0. Here O t is the semigroup generated by L = |A — 2x ■ dx. 
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3 Extension to the noncommutative setting 



We refer the readers to [PX03] for an introduction of noncommuative LP 
spaces and to [JLX06] Chapter 10 for noncommutative semigroups of opera- 
tors. Given a semigroups of operators on a semifinite von Neumann algebras 
M, all the definitions and Lemmas in Section 1 still work in the noncom- 
mutative setting except Lemma 1.5. The noncommutative generalization of 
Theorem 0.1 and its proof are straightforward (we kept the noncommutative 
version in mind when writing the proof of Theorem 0.1). Let us state it as 
follows without a proof. 

Theorem 3.1 Let (T s ) s be a semigroups of operators on a semifinite von 
Neumann algebar (M, r) satisfying T 2 > 0. Then bmo(T) C (iff (T))* and 



\r(fg*)\ < Ci 11/11^(7-) Il/H ffG ( r) 11^ HfcmoCn < C 2\\f\\Hf(T)\\9\\bmo(T), 

for all f,g E A with absolute constants c 1? c 2 . 

The generalization of Theorem 0.2 takes a little more effort. Because the John- 
Nirenberg inequality for noncommutative martingales are not very "nice" , and 
the noncommutative version of Lemma 1.5 is not available to us (at least by 
now). 

Theorem 3.2 Let (T s ) s be as in theorem 3.1. Assume that, in addition, there 
exist constants c^,c A ,r > such that, 



(i) \\{T t+£t - TjfW, < c^Wfh, for alle>0,t>0andfe L ± (M). 



(ii) For allt>0 and g E Lf(M), h E L 2 (M), 



r[(M 8t \h(Tt9^\ 2 ^] < c 3 (rg)Hr\h\ 2 ^. 



(3.1) 



Then (Hf)* = bmo{T) = BMO{T) and H? = #f . 



Proof. Note, for the BMO(T) norm, 



T t \(p - T t ip 




sup \r(<p*f)\, 
f 



(3.2) 



Here the supremum takes over for all / = h(T t g)-2 — T t (h(T t g)z) with g > 
0, ||g||i, \\h\\2 < 1. This is easily verified as follows 
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\\T t \<p-T t <p\ 2 \\ 0O = sup T [(T t \<p - TM 2 )g] 

9>0,rg<l 

= sup r[\(p -T t ip\ 2 (T t g)} 

9 

= supr|(v9-T^)(T^)5| 2 

9 

= sup \r[h(T t g^(<p-T t <p)*}\ 

9,T\h\*<l 

= sup\T<p*[h(T t g)$ -T t (h(T t g)l)]\ 

9,h 

We need to show such /'s are in iff (T) with norm < c. Then the inclusion 
(iff)* C BMO(T) follows from a density argument. And the equivalence 
(iff)* = bmo(T) = BMO{T) and iff (T) = iff (T) follow from inequality 
(2.1) and Lemma 1.4. 

Fix such a /. Recall M 4 = | JqT s cIs. 

r( f T 8 T{T a f)ds)? <r( f M t T t T 8 T{T a f)ds)* 
Jo Jo 

<r(/*3M 3t T t _ s r(TJ)d S )5 

JO 

( Lemmal.3) = r(3M 3t T t |/| 2 -3M 3t |T t /| 2 )^ 

= r(3M 3 iT t |/| 2 )5 (3.3) 
((1.2) and triangle inequality) < r[(3M 3t T t |/i(T^)3 1 2 ) 2] + r[(3M 3t T 2t |/i(T t y)^ | 2 )^] 
( apply(3.1))< C r[(M 8t |/ i (T^)^| 2 )^] < c. 

The rest part of the proof remains the same as that for Theorem 0.2. Note that 
the noncommutative Li-quasi norm is 2-convex, we still have t[(A + B)*\ < 

t[Az] + r[Ss] for A, B > 0. ■ 

Example 3 Lei G be a discrete group. Let \ g ,g G G &e £/ie translation- 
operator on £ 2 {G) defined as 

\g(m)(h) = m(g~ l h). 

g \ g ,g E G is called the left regular representation of G. The so called 
group von Neumann algebras Ai G of G is the weak* closure of the linear span 
of the Xg's in B(£ 2 (G)). The canonical trace r on Ai G is defined as r\ e = 1 
andr{\ g ) = if g 7^ e. If G is abelian, then L p (M.c) is the canonical L p space 
of functions on the dual group G of G. In particular, if G = 7L, the integer 
group, then \ k = e lkt , k G Z and L p (Ai G ) = L P (T), the function space on the 
unit circle. 
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Let (f) be a scalar valued function on G. We say <p is conditionally negative if 

^a^a h ^>{g~ 1 h) < 

for any finitely many coefficients a g G C with J2 g a g — 0. Schoenberg's theorem 
claims that all standard semigroups of operators on the group von Neumann 
algebras M. G are in the form of T t (X g ) = e~^\ g with a real valued condi- 
tionally negative function and 0(e) = ; (f>(g) = (f)(g~ l ). 

Let K^g^h) = \{4>{g) + <fi(h) — (pi^g^h)), the Gromov form associated with 
(j). Then is a positive definite function on G x G. So is K^. It is easy to 
compute by the definition that 

T (J2 a g X g) = agtthK^g, h)X g -i h , (3.4) 

9 g,h 

r 2 (^ a g X g) = H a g a h Kl(g, h)X g -i h , (3.5) 

9 g,h 

Therefore the T 2 > condition is automatically hold for such T t . So Theorem 
3.1 applies to all such (T t ) t 's. 

Let R[G] be the algebra of all real valued bounded functions on G. Then 
(H a g$gi bhO~h)<t> = a g a hK<p(g, h) 

g h g,h 

defines a semi-inner product on M[G] . After quotient the null space 

N 4> = {xeR[G],(x,x) 4) = 0}, 

M[Gf\/N^ becomes a Hilbert space. In a forthcoming article, we are going to 
show that T t satisfies the assumptions of Theorem 3.2 if MfGJ/iV^ is finite 
dimensional. 



Appendix A Carleson embedding theorem 

Let(M, //) be a sigma-finite measure space. Assume (T t ) is a standard semi- 
group of operators on L P (M) with infinitesimal generator L. Let V = (P t ) be 
the subordinated Poisson semigroup P t = e~ t ^~ 1 '. Given a / G L p (M), then 
F(t) = Vf = P t f is L-harmonic on Mx (0, oo) in the sense that (df+L)F = 0. 
Let v = Ufdfi be a measure on M x (0, oo) with v t an integrable function on 
M. Viewing P t 's as analogues of the mean value operators, we say that v is a 
Carleson measure with respect to L if 
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IMU,a = SU P \\ P t / ^ S rfs||oo < OO. 
i JO 

Theorem. Suppose (T t ) is a standard semigroup of operators on a sigma- 
finite measure space (M, //). Assume T t satisfies the T 2 > condition (1.5). 
Let 1 < p < oo. Then 

\Wf\\ L p (Mx (0,oo),z/)) < c pII/I|lp(M) 

for all / e L p (M) if 

IMIt>,4 < c - 

Proof. It is clear that HP/Hl^) < ||/||l°°- Let 

H±(M) = {fe Li(M); sup \rfg\ < oo}. 

HsllsAfOCP)^ 1 

By Lemma 1.3, we have 

{L 00 {M),H 1 (M)) 1 =L P (M). 

V 

It is then enough to show that HP/Hli^) < c\\f\\ Hl ( M y Note 

r r roo 

/ \Vf\du< sup / g( {P t f)u t dt)dii 

JMx(o,oo) \\g\\oo<i jM J o 

r roo 

= sup / /(/ P t {gv t )dt)d[i 

\\9\\oo<\ J M J 

roo 

< UWh^m) sup || / Pt(gjy t )dt\\ B Mo(v)- 

ll9l|o=<l •><> 

We go to show that ||(/ °° Pt{gvt)dt)\\ BMO (v) < c\W\\v,a- In fact > 

P s \ P t (gv t )dt - P s ( P t (gvt)dt)\ 
Jo Jo 

rs roo 

<Ps\J o (Pt - Pt+s){gvt)dt\ + \P S J (P t - P t+S ){gv t )dt)\ 

rs roo 1 

(apply (1.8)) <5P S ( \gu t \dt) + Ss -Pd\gv t \)dt 

JO Js t 2 

(||5l|oo<l)<5||Hki + 8E/ 2 ' s S ^P±(Wt\)dt 

<5|Hki + ^E/ 2fcs n 2 (Wt\)dt 

(apply (1.8))<5\\is\\ PA + -J2 P 2 ^s(Wt\)dt 
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Taking the supremum over s we get, by Lemma 1.5, that 

rod 

||( J Pt(gv t )di)\\ B MO(V) < 37|H|p j4 < c. 
By interpolation, we get 

||^/IU p (JWx(0,oo),iv) < Cp\\f\\L p {M^)- 
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